Introduction {#Sec1}
============

Stability of the first- and second-order functional differential equations were intensively studied in last decade (see, for example, \[[@CR1]--[@CR4]\] and the bibliography cited therein). Essentially less recent publications study third-order equations. The book by Seshadev Padhi and Smita Pati \[[@CR5]\] demonstrates a new wave of the interest in the theory of third-order differential equations. Note that the previous book by Greguš \[[@CR6]\] devoted to third-order equations was published more than 30 years ago. Various physical models based on third-order equations were presented in the recent book \[[@CR5]\], let us start with them. Differential equations of the form $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x^{\prime \prime \prime }+a(t)x^{\prime \prime }+b(t)x^{\prime }(t)+c(t)x(t)=f(t) $$\end{document}$$ arise in the analysis of entry-flow phenomenon. A problem of hydrodynamics was studied in many branches of engineering \[[@CR7]\]. In \[[@CR8]\] an integro-differential equation of the third-order modeling the steady flow of water in a long rectangular tank, oscillating horizontally near a resonant frequency, was studied. Note also the results of \[[@CR9]\] on this object. The model describing the ionic mechanisms underlying the initiation and propagation of action potentials in the squid giant axon was proposed by Nobel Prize laureates of 1963 Alan Llyod Hodgkin and Andrew Huxley. A reduced version of this model was proposed by Nagumo (see for example \[[@CR10]\]), suggesting a third-order differential equation as a model which presents many of the futures of the Hodgkin--Huxley equations.

Various applications of the third-order equations are based on the use of the delay feedback control for stabilization and this leads to the analysis of the asymptotic properties and stability of delay differential equations. We choose the control in the form $$\documentclass[12pt]{minimal}
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                \begin{document}$$ u(t)=-\sum_{i=0}^{2}\sum _{j=1}^{m}p_{ij}(t)x^{(i)}\bigl(t- \tau _{ij}(t)\bigr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$i=0,1,2$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$\tau _{ij}(t)\geq 0$\end{document}$. In almost all real systems, we have $\documentclass[12pt]{minimal}
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                \begin{document}$\tau _{ij}(t)>0$\end{document}$ since delay appears in receiving signal and in reactions on this signal.
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                \begin{document}$u(t)$\end{document}$ in the right-hand side of equation ([1.1](#Equ1){ref-type=""}), we arrive at the equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x^{\prime \prime \prime }+a(t)x^{\prime \prime }+b(t)x^{\prime }(t)+c(t)x(t)+\sum _{i=0}^{2}\sum_{j=1}^{m}p_{ij}(t)x^{(i)} \bigl(t-\tau _{ij}(t)\bigr)=f(t). $$\end{document}$$ Various results on stability of third-order delay differential equations were presented in \[[@CR11]--[@CR20]\]. All noted results on stability were based on the method of Lyapunov's functions. Results on stability based on the analysis of the characteristic equations for *n*th-order delay differential equations, which are quasipolynomials in the case of delay equations, were obtained in the well known books \[[@CR21], [@CR22]\]. In this paper we propose an absolutely different approach to the study of the exponential stability of third-order delay differential equations. Our approach is based on the idea of Azbelev's *W*-transform presented in the book \[[@CR23]\] (see Chapter 5) and developed then in \[[@CR13]\].

As an example, let us consider the simplest model of ship stabilization \[[@CR24], [@CR25]\]. The equation $$\documentclass[12pt]{minimal}
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                \begin{document}$K>0$\end{document}$, can describe the ship dynamics. Here $\documentclass[12pt]{minimal}
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                \begin{document}$x(t)$\end{document}$ is the ship deviation angle and $\documentclass[12pt]{minimal}
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                \begin{document}$\psi (t)$\end{document}$ is the turning angle of the rudder. Following \[[@CR22]\] (see p. 4), we can make the following steps. Assume that the change of rudder angle $\documentclass[12pt]{minimal}
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                \begin{document}$$ T\psi ^{\prime }(t)+\psi (t)=\alpha y(t)+\beta y^{\prime }(t),\quad T>0, $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$y(t)$\end{document}$ is a measured value of the ship deviation angle, and *α*, *β* are the helmsman parameters. In practice, we can assume that $\documentclass[12pt]{minimal}
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                \begin{document}$y(t)=x(t-\tau )$\end{document}$. Using the representation of the general solution of Eq. ([1.3](#Equ3){ref-type=""}) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \psi (t)=\frac{1}{T} \int _{0}^{t}e^{-\frac{1}{T}(t-s)} \bigl\{ \alpha y(s)+ \beta y^{\prime }(s) \bigr\} \,ds+e^{-\frac{1}{T}t}\psi (0), $$\end{document}$$ substituting this representation into Eq. ([1.2](#Equ2){ref-type=""}) and then differentiating, one arrives at the stability analysis of the third-order delay equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ TIx{^{\prime \prime \prime }}(t)+(Th-I)x^{\prime \prime }(t)-hx^{\prime }(t)+K\beta x^{\prime }(t-\tau )+K\alpha x(t-\tau )=0. $$\end{document}$$ We have to choose the helmsman parameters *α* and *β* to guarantee the exponential stability of Eq. ([1.5](#Equ5){ref-type=""}).

The paper consists of the following sections. In Sect. [2](#Sec2){ref-type="sec"}, we formulated known results which are used in the proofs. In Sect. [3](#Sec3){ref-type="sec"}, auxiliary results on the Cauchy function for ordinary differential equations of the third order are obtained. In Sect. [4](#Sec4){ref-type="sec"}, the main results about stability of third-order delay differential equations are formulated. In Sect. [5](#Sec5){ref-type="sec"}, we prove the main theorem about stability. Conclusion, discussion of results and open problems are presented in Sect. [6](#Sec6){ref-type="sec"}.

Preliminaries {#Sec2}
=============

Let us consider the following homogeneous equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x^{\prime \prime \prime } ( t ) +\sum_{i=0}^{2}\sum _{j=1}^{m}p_{ij}(t)x^{(i)} \bigl(t-\tau _{ij}(t)\bigr)=0,\quad t\in [t_{0},\infty ), $$\end{document}$$ and the corresponding non-homogeneous equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x^{\prime \prime \prime } ( t ) +\sum_{i=0}^{2}\sum_{j=1}^{m}p_{ij}(t)x^{(i)}\bigl(t-\tau _{ij}(t)\bigr)=f(t),\quad t\in [t_{0},\infty ), $$\end{document}$$ where $$\documentclass[12pt]{minimal}
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                \begin{document}$\tau _{ij}(t)$\end{document}$ are nonnegative measurable bounded functions, without lost generality we assume that $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar1}
--------------

We say that Eq. ([2.1](#Equ6){ref-type=""}) is exponentially stable if there exist positive numbers *γ* and *N* such that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \max_{t\geq 0} \bigl\{ \bigl\vert x(t) \bigr\vert , \bigl\vert x^{\prime }(t) \bigr\vert , \bigl\vert x^{\prime \prime }(t) \bigr\vert \bigr\} \leq Ne^{-\gamma (t-t_{0})}\underset{\xi \in (-\infty ,0)}{\mbox{ess} \sup } \bigl\vert \varphi (\xi ),\psi (\xi ),\eta (\xi ) \bigr\vert , $$\end{document}$$ where *γ* and *N* do not depend on $\documentclass[12pt]{minimal}
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                \begin{document}$t_{0}\geq 0$\end{document}$ and *φ*, *ψ*, *η*.

It was demonstrated in \[[@CR13], [@CR23]\], that the zero initial functions $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x(\xi )=0,\qquad x^{\prime }(\xi )=0\quad \mbox{and}\quad x^{\prime \prime }(\xi )=0\quad \mbox{for }\xi < 0, $$\end{document}$$ can be considered in stability studies instead of the initial functions ([2.3](#Equ8){ref-type=""}). We consider the following homogeneous equation: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x^{\prime \prime \prime } ( t ) +\sum_{i=0}^{2}\sum _{j=1}^{m}p_{ij}(t)x^{(i)} \bigl(t-\tau _{ij}(t)\bigr)=0,\quad t\in [0,\infty ), $$\end{document}$$ and the corresponding non-homogeneous equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ x^{\prime \prime \prime } ( t ) +\sum_{i=0}^{2}\sum _{j=1}^{m}p_{ij}(t)x^{(i)} \bigl(t-\tau _{ij}(t)\bigr)=f(t),\quad t\in [0,\infty ), $$\end{document}$$ with the initial functions ([2.5](#Equ10){ref-type=""}). Equation ([2.6](#Equ11){ref-type=""}) is homogeneous in the sense of the theory of ordinary differential equations: its fundamental system is three-dimensional and the known representations of solutions hold (see \[[@CR23]\] or \[[@CR1]\], p. 477).

Definition 2.2 {#FPar2}
--------------
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                \begin{document}$c_{tt}^{\prime \prime }(s,s)=1$\end{document}$, is called the Cauchy function of Eq. ([2.7](#Equ12){ref-type=""}).

The solution of non-homogeneous equation ([2.7](#Equ12){ref-type=""}) with the initial conditions $\documentclass[12pt]{minimal}
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                \begin{document}$$ x(t)= \int _{0}^{t}c(t,s)f(s)\,ds. $$\end{document}$$ Note the classical Bohl--Perron theorem \[[@CR1], [@CR23]\].

Lemma 2.1 {#FPar3}
---------
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                \begin{document}$t\in [0,\infty )$\end{document}$, *then Eq*. ([2.1](#Equ6){ref-type=""}) *is exponentially stable*.

Cauchy function of an autonomous third-order ordinary differential equation {#Sec3}
===========================================================================

In this section we construct the Cauchy function of the equation $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned} &\mbox{(1) } k_{1},k_{2},k_{3} \mbox{ are real and different }k_{1}\neq k_{2},k_{2} \neq k_{3},k_{3}\neq k_{1}\mbox{,} \\ &\mbox{(2) } k_{1},k_{2},k_{3}\mbox{ are real with a pair of equal ones }k_{1}=k_{2}\neq k_{3}, \\ &\mbox{(3) } \mbox{three multiple real roots }k_{1}=k_{2}=k_{3}, \\ &\mbox{(4) } \mbox{a pair of complex roots }k_{1,2}=\alpha \pm \beta i\text{ and a real root }k_{3}. \end{aligned} $$\end{document}$$

In every of these cases, the Cauchy function $\documentclass[12pt]{minimal}
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The Hurwitz theorem guarantees the exponential stability of system ([3.1](#Equ16){ref-type=""}), and, according to Definition [2.2](#FPar2){ref-type="sec"} explaining the construction of the Cauchy function, the exponential estimates of the Cauchy function $\documentclass[12pt]{minimal}
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Let us start with the case (1) of three different real roots.

Lemma 3.1 {#FPar4}
---------

*Let condition* ([3.3](#Equ18){ref-type=""}) *be fulfilled*, *then*, *in the case of* (1) *in* ([3.4](#Equ19){ref-type=""}), *the Cauchy function of Eq*. ([3.1](#Equ16){ref-type=""}) *is of the form* $$\documentclass[12pt]{minimal}
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Example 3.1 {#FPar5}
-----------
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Consider now the case (2) in ([3.4](#Equ19){ref-type=""}) of two multiple roots.

Lemma 3.2 {#FPar6}
---------

*Let condition* ([3.3](#Equ18){ref-type=""}) *be fulfilled*, *then*, *in the case of* (2) *in Eq*. ([3.4](#Equ19){ref-type=""}), *the Cauchy function of Eq*. ([3.1](#Equ16){ref-type=""}) *is of the form* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \operatorname{col} \{ c_{1},c_{2},c_{3} \} =Q^{-1} \operatorname{col} \{ 0,0,1 \} \quad \textit{and}\quad Q=\left ( \textstyle\begin{array}{@{}c@{\quad}c@{\quad}c@{}} 1 & 0 & 1 \\ k_{1} & 1 & k_{3} \\ k_{1}^{2} & 2k_{1} & k_{3}^{2} \end{array}\displaystyle \right ) . $$\end{document}$$

In this case we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ c_{1}=-\frac{1}{(k_{1}-k_{3})^{2}},\qquad c_{2}=\frac{1}{k_{1}-k_{3}}, \qquad c_{3}=\frac{1}{(k_{1}-k_{3})^{2}}, $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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Consider now the case (3) in ([3.4](#Equ19){ref-type=""}) of three multiple roots $\documentclass[12pt]{minimal}
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Lemma 3.3 {#FPar7}
---------

*Let condition* ([3.3](#Equ18){ref-type=""}) *be fulfilled*, *then*, *in the case of* (3) *in* ([3.4](#Equ19){ref-type=""}), *the Cauchy function of Eq*. ([3.1](#Equ16){ref-type=""}) *is of the form* $$\documentclass[12pt]{minimal}
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Consider now the case (4) in ([3.4](#Equ19){ref-type=""}) of one real root $\documentclass[12pt]{minimal}
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Lemma 3.4 {#FPar8}
---------

*Let condition* ([3.3](#Equ18){ref-type=""}) *be fulfilled*, *then*, *in the case of* (4) *in* ([3.4](#Equ19){ref-type=""}), *the Cauchy function of Eq*. ([3.1](#Equ16){ref-type=""}) *is of the form* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Stability of third-order delay equations {#Sec4}
========================================
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Rewrite Eq. ([4.1](#Equ42){ref-type=""}) in the form $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &x^{\prime \prime \prime } ( t ) +\sum_{j=1}^{m} \bigl(a_{2j}+\Delta a_{2j}(t)\bigr)x^{\prime \prime }\bigl(t-\tau _{2j}(t)\bigr) \\ &\quad {}+\sum_{j=1}^{m} \bigl(b_{1j}+\Delta b_{1j}(t)\bigr)x^{\prime }\bigl(t-\tau _{1j}(t)\bigr) \\ &\quad {}+\sum_{j=1}^{m} \bigl(c_{0j}+\Delta c_{0j}(t)\bigr)x\bigl(t-\tau _{0j}(t)\bigr)=f(t),\quad t\in [0,\infty), \\ &x^{(i)}(\xi )=0\quad \mbox{for }\xi < 0, i=0,1,2. \end{aligned}$$ \end{document}$$

To connect Eq. ([4.2](#Equ43){ref-type=""}) with ([3.1](#Equ16){ref-type=""}) let us set $$\documentclass[12pt]{minimal}
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It is clear that the choice of the parameters $\documentclass[12pt]{minimal}
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                \begin{document}$w_{3} $\end{document}$ depends on the case (1), (2), (3) and (4) in which the "constant parts" of the coefficients *A*, *B* and *C* of the given Eq. ([4.2](#Equ43){ref-type=""}) are defined by ([4.3](#Equ44){ref-type=""}).
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Theorem 4.1 {#FPar9}
-----------

*If the Hurwitz condition* ([3.3](#Equ18){ref-type=""}) *for* *A*, *B*, *C* *defined by* ([4.3](#Equ44){ref-type=""}) *is fulfilled and* *q*, *defined by Eq*. ([4.4](#Equ45){ref-type=""}), *satisfies the inequality* $\documentclass[12pt]{minimal}
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Remark 4.1 {#FPar10}
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We obtain the following fact.

Corollary 4.1 {#FPar11}
-------------

*If the Hurwitz condition* ([3.3](#Equ18){ref-type=""}) *for* *A*, *B*, *C* *defined by* ([4.3](#Equ44){ref-type=""}) *is fulfilled*, *the delays* $\documentclass[12pt]{minimal}
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                \begin{document}$i=0,1,2$\end{document}$, *are sufficiently small*, *then Eq*. ([4.5](#Equ46){ref-type=""}) *is exponentially stable*.

Example 4.1 {#FPar12}
-----------
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Example 4.2 {#FPar13}
-----------
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Proofs {#Sec5}
======

Proof of Theorem [4.1](#FPar9){ref-type="sec"} {#FPar14}
----------------------------------------------
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After the substitution ([5.3](#Equ55){ref-type=""}), ([5.6](#Equ58){ref-type=""}), ([5.7](#Equ59){ref-type=""}) into ([5.2](#Equ54){ref-type=""}) we obtain the equation $$\documentclass[12pt]{minimal}
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It is interesting to develop the method proposed in our paper for stability studies of systems of delay equations. Another possible development is to apply our "linear" results to the stability of nonlinear delay differential equations and to obtain, for example, analogous results to the ones obtained in \[[@CR11], [@CR17], [@CR19]\].
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